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DYNAMIC RESPONSE OF TURBINE-BLADE TEMPERATURE TO

EXHAUST-GAS TEMPERATURE FOR GAS~-TURBINE ENGINES

BeEZ

By Richerd Hood end William E. Phillips, Jr.

SUMMARY

The frequency response of blade temperature to exhaust-gas tempere-
ture for two locations in the blede and several opersting conditions
determined from harmonic enalysis of transient data is presented. Two
analytical methods are compared with the experimental frequency
response of the blade temperature to the gas temperature. The dynamic
response of turbine-blade temperature to exhaust-gas temperature exhibited
the form of a first-order lag. The time constant of the lag for the
leading-edge position of the turbine blade was found to be approximately
6.8 seconds. The time constant of the lsg for the midchord position of
the turbine blade was found to be three times that of the leading-edge

- position.

These results were used to predict blade temperature for typical
° controlled and uncontrolled gas-turbine engines.

INTRODUCTION

In general, gas-turbine engines sre regulated through the measured
values of engine speed and turblne exhsust-gas temperature. This regula-
tion has the two-fold purpose of controlling engine performance and
minimizing engine damage. BExhaust-gas temperature may cause engine
damage by affecting blade temperature. Present practice limits exhesust-
gas temperature to some level which is considered safe for turbine-blade
life. This temperature limltation imposes severe restrictions on
acceleratlon rates of the engine. Use of heat transfer theory shows that

.during transients the blade temperature will not correspond to the _
exhaust-gas temperature and thet this dynamic characteristic could result
1n a relaxed restriction on exhaust-gas temperature during transients.

¢ An investigation of the dynamic response of turbine-blade tempera-
ture to exhaust-gas temperature for a gas-turblne engine was made at the
NACA Lewis laboratory. For this investigetion, a gas-turbine engine was
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instrumented so that simultaneous recordings of exhaust-ges temperature
and turbine-blade temperature. were obtained during verilous transient

and acceleration conditions. The results of these experiments and their
applicetion to gas-turbine engine operation end control are presented
herein and several exsmples of the applicatlon of the results obtained
are clted. The general relation of turblne-blade temperature to exhaust-
gas temperature as defined by heat-transfer theory is also presented. The

comparison of the analytical and the experimental relation is discussed.
ANATYSIS

Two methods of determining the dynamic response of turbine-blade

temperature to exhsust-gas temperature are presented. Method A considers _

only the lag due to the film coefflcient and method.B also considers the
temperature gradient in the blade.

These two methods of determining the dynsmic response of turblne-
blade temperature to gas temperature involve the physical properties of
the blade material, the temperatures of the blade and the gas, and the
attendent f1lm coefficient. A method of determining the appropriate
film coefficient 1s presented in reference 1.

Anslytical Method A

Method A assumes that the tempersture is equal throughout the blade
and that the heat flow is proportionel to the difference in temperature
between the gas and the blade. The heat flow from the gas to the blade
is also assumed to be utilized completely in reising the blade tempera-
tures. This relatlon can be expressed mathematically as:

" dg ) =
3t = hA(Tg - Ty) (1)
dg 4Ty : :
at - VP °pEx | (2)

(All symbols are defined im appendix A.)

Combining equations (1) and (2) gives the general form of the
dynamic response of blade temperature to gas temperature as:

Vocp aTy . | |
T Rl (3)

el ONF IDENTIALS
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As equetion (3) 1s a first-order differential equation, it can be

characterized by & time constant Tys Which 1s defined as:

V'pcP
Tb bA

n>

and has the units of time. The time constant is therefore based on the
physical properties and dimenslons of the blade and the heat-transfer
film coefficient.

Equation (3) may be converted from the time domain to the freguency
domein by Laplacian transformetion methods discussed 1n reference 2,
chapter 3. This conversion gives a transfer function (the ratio of the
blade temperature to the gas temperature) of the form:

Tp 1
T, ~ Tiomy (e)

where Ty, ‘hag already been defined. The amplitude and phase of equa-
tion (4) as a function of frequency ® are plotted od logarithmic
coordinates (fig. 1). This method is discussed in reference 2,

chapter 8. The asymptotes to the curve of figure 1 1ntersect at a
frequency of one radian per second. Because the time constant 1s the
reciprocal of thls intersecting frequency, Ty 1s also unity, which was
the velue chosen for the curve. Thls method of obtaining the inter-
section of the asymptotes was used throughout the report to determine
the time constants from the plots of the experimental data.

Anslytical Method B

A more inclusive method of determining the dynamic response of
turbine-blade temperature to gas temperasture is developed by means of
the heat-transfer equation

alylr =

OT
t (5)

and sppropriate boundary conditlons.

e T T DER T LALS
pdh O BT DR
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Leading-edge blade temperature. - The dynamic response of the _ :
leading-edge blade temperature to gas tempersature can be determined by -
equation (5) and appropriste boundary conditions. The frequency response
of leading-edge blade temperature to gas tempersature is )

Tb ) 1 (6)

Tg at r=0 ‘B( 3/2 AE ) _‘E.Kﬂﬂl (15/2 # R)

8gee

The derivation of equation (6) and the attendant assumptions are given ..
in sppendix B. A plot of equation (6) in figure 2(a) presents the o o
amplitude and phase of the frequency responseé of the leading-edge blade L
temperature to the gas temperature. '

Midchord blade temperature. - The dynamlic response of midchord
blade temperature to gas temperature cen be determined by equation (5)
and suitable boundary edquations. The frequency response of the midchord
blade tempersture developed in appendix B i1s

T.b . o T T '—:I_.

(7)
Tg at x=— AC sin.h AC.—-+ cosh L

' The emplitude and phase relations to frequency of equetion (7) are
presented as figure 2(p) .

Tralling-edge hlade temperature. - The dynemic response of the R
tralling-edge blade temperature to gasg temperature could be determined
in the same mamner as the leading-edge blade temperature response;
however, the difficulty of accurately determining the film coefficient
at the trailing-edge position mekes this evaluation impractical.

APPARATUS AND PROCEDURE Z
Test Engine

The turbojet engine from which the data_were obtained has a T
. centrifugel -type compressor and a single-stage turbine. This engine
was operated over the power .range:(idle to full power) st sea-level

conditions. A schematic drawing of the turbojet engine showlng the -

RS _om-‘l ln.n\uun__



e

NACA RM ES24l14

ONFITENTZAT —

locations of the stations at which the temperature was measured appears :
in figure 3. Station 1 is in the turbine rotor blades and station 2 is .
in the taill cone gpproximately 3 to 4 feet downstream of the turbine. S

Temperature Measurement Methods

The temperatures were lndicated by thermocouples and recorded by
a galvanometric oscillograph. The frequency responses of the oscillo-
graph galvanometric elements were such that no correction was necessary
to the traces for the frequency range of the experimental dats.

Blade temperature. - The blade temperature was indicated by &
36-gage chromel-alumel wire thermocouple imbedded in the airfoll section
of the blade. The thermocouple Junction was peened to the blade materiel.
The emf of the blade thermocouples wes transferred through slip rings
at the front of the engine from the rotating shaft and then through
bucking circuits to the oscillograph.

The leadling-edge-positlion blade thermocouple was located in the
turbine blade as illustrated in figure 4(a). The spanwise position of
the thermocouple, spproximastely at the midpoint of the airfoil section,
was chosen as the most criticel section of the blade because of the
combined effects of centrifugel stress and tempersture.

The midchord-position blade thermocouple was located at approxi- A
mately the same spanwise position as the leading-edge thermocouple. As e
the blade was structurally weekened by the insertion of the thermocouple, ' :
the tip of the blade was removed so that the blade would be able to
withstand the stresses of full-power operation of the engine. The
turbine blade used is shown in figure 4(b).

The trailing-edge position of the turbine blade was not tested.
Por certain classes of materiesls used in turbine blades, unpublished
work indicates that the fallures due to temperature are almost entirely _
limited to the lesding-edge and midchord positions. The trailing-edge D
position failures are attributed to vibratory stress. o : '

Gas temperature. - The gas temperature was indicseted by four 28-gage
chromel-alumel thnermocouples placed at station 2 shown in figure 3. The B —
emf generated by the thermocouples passed through a bucking circult and .
then to the oscillograph. The time constant of these thermocouples was
approximately 0.15 second for the particular installation; therefore the
gas temperature traces were not corrected for the gas thermocouple lag,
which was too small to have significant effect on the data.




Anelysis of Date .-

Method of date reduction. - The data recorded by the galvanometric
oscillograph were in the form of figure 5. These traces, which are the

temperatures of the gas and blade recorded against time, were reduced by_

harmonic anelysis so as to obtain separately the frequency response of
the blade tempersture and the gas temperature to the same arbitrary
fuel-flow input. The ratlio of these two freguency responses is the
frequency response of turbine-blade tempersature to gas temperature.

The harmonic snalysis was performed for 34 frequencies by digital
computers following the method of reference 3. The frequency response
of the traces of figure 5 is presented . in flgure 6.

RESULTS AND DISCUSSION
Experimental Datea

Typical oscillograph traces of temperature of the blade and the gas
temperature are presented as flgures 5, 7, and 8. The ardinate of the .
figures 1ls temperature ss a deviation from initial value of the trace.
The absclssa is time in 0.l-second intervels. The l-second intervals
are so marked. These three figures 1llustrate the three basic methods
by which the experimentel dats were obtained. In the first method,
illustrated by flgure 5, the data were obtalned by a rapid advance of
the fuel flow. The gas temperature filirst overshot and then went below
the final value before reaching the final value. The blade temperature
slowly approached the finsl wvalue. In the second method, illustrated
by figure 7, the date were obtained by a sudden decrease in fuel flow
to the englne. The gaes tempersture dropped much lower than the finsl
temperature and then increased. The increase was due mainly to the
decrease in alr flow attendant to the decrease 1n speed. The blade
temperature decreased very slowly to the final blade temperature. The
third bessgic method illustrated by figure 8 was a combination of the
first two methods. The sudden increase in fuel flow was followed by a
sudden decrease In fuel flow back to the initial fuel flow. It was
intended that the blade temperature would not reach equilibrium at the
higher fuel flow thereby establishing a measure of the linearity of
the system. . . .

Leading-edge hlade temperature. - Typical oscillograph traces of
leading-edge blade temperature and ges temperature are shown in
flgures 5 and 8.

- The frequency response of the leading-edge blade temperature to
gas temperature for the time traces of figure 5 is given by figure 8.

NN T AL
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The curve of figure 6 can be closely approximeted by a single first- el
order lag: )

Tg 1+ inw

The time constant Ty} 1s found from the intersection of the asymptotes ) _
of the upper or amplitude curve. The asymptotes of figure 6 intersect S _g,g
at & frequency of 0.154 radian per second. The time constant which is L
the reciprocal of the fredquency, is 6.5 seconds. For a step change in

gas temperature, the blade temperature will attain 98 percent of its

finel value in four time constants or 26 seconds.

The lower or phase curve of figure 6 is the phase of the blade
temperature with respect to the gas tempersture. The phase curve also
exhibits the form of a first-order lag system.

The frequency response of leading-edge blade temperature to gas . -
temperature when the fuel flow is decreased suddenly is shown in S
figure 9. The amplitude and phase curves indicate that the system is
predominantly first order and that the time constant T 1s equal to
7.2 seconds.

The frequency response corresponding to the oscillographic traces . T
of figure 8 is shown in figure 10. The amplitude and phase curves I
exhiblt the form of a first-order lag with a time constant of 6.7 seconds. ’ T

Midchord blade temperature. - Typical osclllograph traces of mid- . .
chord blade temperature and gas temperature are shown in figure 7. The .
frequency response of midchord blade temperature to gas temperature for . o
the data presented In figure 7 is presented in figure 11. The amplitude '
relation to frequency exhibits a first-order lag with a time constant
of 20.8 seconds. The phase-frequency relation exhibits a first-order
lag except for the higher frequencies. The measurement of blade tempera-
ture wlll not, in general, be in a closed loop control so the amplitude
relation is the imporitant factor.

The frequency response of midchord blade temperature to gas tempera-~ e
ture when the fuel flow 1s incressed is presented as figure 12. The -
amplitude-frequency relation shows & first-order system with a time : -
constant of 30 seconds. The phase-frequency relation exhibits the a T
general first-order lag form. .
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Comparlson of Anslytical and Experimentel Data o - T

The comparison of the resulis of the two analytical methods with
the experimentsal data shows reasonable cortelastion between the time
constants of the fivst-order approximaticn of each method. The phase - .
angle results, however, are more varled in their predictions. The -
experimental and analytical time constants obtalned are tabulated as -
follows: . . _— : -

o)
)
Transient : Position 9
. Leading edge| Midchord
Experimental dats Accelersation 6.4 30
N 6.5
Deceleration 7.2 20.8 T
Acceleration, deceleration 6.7
7.2 . _ ) ——
Analytical method A - 6.8 17.7 ’
Analyticel method B - ' - 6.3 20.7
. + . - . LT
Leading-edge blade temperature. - A comparison of the frequency o
response obtalned by the two analytical methods and the representative '_5
experimental data fdr the leading-edge blade temperature to gas tempera- -
ture is presented as figure 13(a). The application of the heat-transfer v

equation (equation (5)) gave results very close to the experimental values
for the smplitude relation, while anslytical method A gave a slightly
higher time constant. than the experimental. The results of both . . .
analytical methods are close enough to use the simple method for R e
analytical studies of the leading-edge blade temperature during a .. =
translent. The phage relation (the lower curve) shows more scatter but .
the accuracy in the phase plane is not as important as the amplitude

relatlon unless the blade temperature is used as part of a closed loop

control. . R

Midchord blade- temperature. - A comparison of the frequency responses
by the two analytical methods and the experimental date for the midchord
blade temperature to gas temperature is presented as figure 13(b). The .
results for the frequency response at the midchord section of the blade ~
show more deviation. However, both anslytical methods are on the con- :
servative side. The phese relatlon (the lower curve) indicates that the
dlsagreement could be due to nonlinearities in the actual blade that were
not accounted for by the analytical méethods. This disasgreement, however,
has a pronounced effect only at a frequency such that the amplitude ratio
is quite small and thereby does not apprecisbly affect the vallidity of é
the linesr first-order spproximstion if the relation is not used as part
of a closed loop control.
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APPLICATION

Effect of Blade-Temperature Lag on Uncontrolled Engine Operation oL

For present day engines, the engine speed lags the gas temperature R
(reference 4) which 1s stated mathematically as CE e

N _ 1
Tg BT 1D : o (9)

and according to this present report blade tempersature laés the gas
temperature equation (8). The vwelation between engine speed and blade o
temperatures has the form - _ . e

Ty 1+7T
N P (10)

TP T ¥

In appendix B it fb proved that if 7Ty 1s greater than T, the turbine-

blade temperature will rever reach a temperature higher then the final

steady-state temperature as long as the final speed is always greater.

than the engine speed during the transient. Conversely, if T 1is -
greater than Ty, the turbine-blade temperatures will be higher than e
the final blade temperature during an acceleration even if the engine
speed 1s everywhere less than the final speed during the transient.

The case where Ty 1s greater than T 1s shown in figure 14. QGas

temperature initially was three times the final gas temperature and the
fuel flow was twice the final fuel flow. This condition resulted in
rapid acceleration of the engine while the blade temperature rose more
slowly. When the engine speed reached the final value, engine fuel flow
was changed to the steady-state fuel flow for the speed whereupon the

gas temperature also changed to the final gas tempersture. For practical
purposes, the engine was then in steady-state operation; however, the
blade temperature had reached only 35 percent of 1ts final wvalue.

The relations which result during & transient when the blade tempera-

ture to gas temperature time constant Ty 1s less than the engine speed -
to ges temperature time constent T are illustrated in figure 15. The e
fuel flow and gas temperature transients were assumed the same as for ' '
figure 14 which would result in the same speed curve. However, the blade
temperature, which leads the engine speed, overshoots the final value

before the engine speed has reached the final value. A higher speed S
cannot be reached with this configuration without exceeding the final . e
blade temperature during the transient. o

[
(3
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Effect of Blade-Temperature Lag on Controlled
Engine Operation-

The application of the blade-temperature time constant to a closed
loop speed control system is shown in figure 16. A block disgram with
the various gain constants and time constants and the time responses of
speed, gas temperature, and blade temperature to a step increase in set.

- speed are shown. The engine gain constant, which for simplification
contains the controller gain also, and the dontroller integral time
constant were chosen to glve a damping ratio of 0.707 in the speed loop
and to give the gas temperature transient an initial slope of zero. The
blade temperature to gas temperature time constant was taken as 4 seconds,
which 1s lower than the values obtained from the experimental data for
leading-edge and midchord positions. .

As shown, for a step change in set speed, the gas temperature had an

initial rise of 2.8 and then decreased to steady state as the speed
increased. Because the speed loop was underdamped, the speed transient
overshot slightly although the hlade temperature did not overshoot.

¢
SUMMARY OF RESULTS

The response of turbine-blade temperature to gas temperature can
be consldered as a first-order lag in control applications. The time _
constant of the lag of the blade temperature to gas temperature varies
with location on or within the blade. Two analyticael methods are pre-
sented which predict this lag at the various locations. The leading-
edge posltion of the turbine blade had a time constant of approximately
6.6 seconds. The variation of time constants was found to be in the
order of 3 to 1 between the midchord position and the leading-edge
position of the blade.

The investigation showed that if the blade temperature to gas
temperature time constant is greater than the engine speed to gas tempera-
ture time constant, the blade tempersture will not exceed the final
temperature durlng a transient from an initial speed to a final speed
which is higher than the initial speed. C(Conversely, 1f the blade tempera-
ture time constant is smaller than the engine speed to gas tempersture
time constent, the blade temperature will always exceed the final blade
temperature during asn acceleration transient.

Lewls Flight Propulsion Laboratory

National Advisory Committee for Aeronautics
Cleveland, Ohio
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APPENDIX A

SYMBOLS
surface area of turbinefblade alrfoil section, sq in.
blade thickness at midchord and midepan, in.
constant, rpm/°R
constants of integration
specific heat of turbine-blade material, igfgf
general function in cylindrical coordinates
general function in Cartesisn coordinates
film coefficlent, Btu/(sq £t)(hr)(°F) (from reference 1)
VI
Bessel function of first kind and zero order
Bessel function of first kind and first order
proportionality constent, %,'l/in.
conductivity of blade material, Btu in./(sq £t}(hr)(°F)

engine speed, rpm

differéntial operator. é% o
heat, Btu

redius of leading edge of turbine blade, in.
cylindrical coordinates

temperature, °R

time, sec

volume of airfoll section of turbine blade, cu in.

Lk | DT AT
e
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we - engine fuel flow

X, ¥, Z Cartesian coordinates

Yo . . Bessel functionm of second kind and zero order
@ diffusivity of turbine-blade matérisl, . [ft in. _

' ' ' hr P
o density of turbine-blade material, 1b/cu ft N

T ges-turbine engine time constant response to ges
temperature, sec : :

Ty - turbine-blade time constant for response to gas - -
temperature, sec

o circular frequency, radians/sec . : - . .=
Subscripts:

b blade : . _ _ B T e
g. gas - o o N
8 setting . - : S Y

€ error - : -
Superscripts: S : e

! differentiation with respect to argument

differentiation with respect to time
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APPENDIX B

ANAT.YTTCAL. METHOD B

Analytical method B, which uses the heat-transfer equation, takes-
into aceount the temperature gradient across the blade thereby giving
e more rigorous method of determining the blade- temperature frequency
response to gas tempersture. :

Leading-edge blade temgerature. - The heat-flow equation, written
in poler coordinates, is :

1 d [ 9Ty 1 Ofm,  , Omy
?F(ar)n—z*‘"zar (81)

This equation is two-dimensional and in using it, no heat flow is
assumed in the spanwise direction of the blade. The other boundary
conditions imposed on the leading-edge position are:

(l) The heat flow in the angular dlrection 1s zero:

a1y,

6 = (B2)

(2) The rate of heat flow through the surface of the blade is
proportional to the temperature difference between the blade surface
and the gas: .

OTy

-31‘— = K(Tg-Tb) (B3)
=R r=R .

Since any arbitrary function mey be assumed for Tg,
= alwt
Tg'- e

The blade tempersture may now be written as:

Ty = Flw,r,06) elwt
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which means that:

% = Fpelot (B4)
and .
al't: = igFel®t . (B5)

Combining equations (Bl), (B2), (B4), and (B5) gives:

£

s () =y (B6)

EY

Carrying out the partial differentiation indicated glves:

1 1P :
= [Fr + rFrr:l = _a,z _ _ (]37)_
or
1 _dw _ :
Frr + 2 Fr ZFF=0. S (B8)

Equation (B8) is one form of Bessel's differentisl equation and the
general solution may be written as: '

F = C1J, (GE‘;—E) + Ca¥, é@—ﬁ) (B9)

¢4

8ince F bhas a finite value st r = 0, and Yo—»< as r-»0, Cp must
equal zero, giving N
F = C1J, @) (B10)

Substituting in equation (B3) to obtain the value of the constant
C1 glves : : -

= CRF L DENT AL

NACA RM E52A14
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FI‘ ei(.l)t =K [eid)t - F(R)eith
r=R
or
Fr =K [1 -_F(R)}
r=R

Substituting equation (Bl0) into equation (Bll) gives

LECRPR <A@R) = K - K019 (A@R)

(¢ 9 (o4

. - K
A e (L), ()
since Jb' = -Jy

- 3 :
Gy To (A/:55ﬁ> - A/:EB-Jl (AZEEE%)

15

(B11)

(B12)

(B13)

(B14)
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If this equation is rewritten in a form more esgily obtaingsble from
tablesd: ' :

- 1 )
" L) ks (s

Midchord blade temperature. - In thls case, a one-dimensional flow
pattern 1s assumed, which glves for the hest-flow equation ' '

G .
_.._.2 - Lz :'_:R | (B15)
ox o

which means thet . : S . .

] ' éEE = EER =0
oy oz

Reference to figure 17 glves the boundary conditions as:

o1y,

'“'a;' (0, t)

K [Tb(o,t) - Tg] (BLB)

o,

% (a,t)

-X Erb(a,t) - Tg] | (BL7)

Now, the transfer function G between blade temperature T and gas
temperature Tg is assumed. .to be of the form:

G = C1e™¥ 4 Cge™TX : (B18)
and since ‘I‘g ma& be any arbitrery function, if

p o= elwt - - (B19)

- 8egg
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T = gelot (B20)

Substituting equation (B20) into equations (B15), (B16), and (BL7) gives

im

. G’xx = ;2— G o (BZl)
Gx(0) = K[G(O) - 1:‘ (B22)
Gy(a) = - K [G(a.) - 1] (B23)

Combining equation (B18) with equations (B22) and (B23) ylelds
rC e’¥ - rCpe™™¥ =K [C:l_erx + Coe~TX - JJ (B24)

and
rGieT* - rCyeT* = - K [Clerx + Cge™TX - J;l (B25)

Since x = 0 in (B24), 1t becomes
rC] - rC2 = K [cl + C2 - 1] (B26)
and since x = a in (B25), it becomes
rC1e’™® - rCge™T8® = - X E}lera + Cpe™T8& - J:-J (B27)
Equation (1326:) is golved for Cj

c -
o = 2Ktz - K (B28)
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And solving equation (B27) for Cp ylelds:
ra , - ' '
Co = MK)_;_K (B29)

(r-K)e™T8.

Substituting equation (B28) into equation (B29) gives:

c r) - ra r . :
o = [2 EETK;Z K] (Kir)el¥e _ -(K%_-E) (B30)

And solving equation (B30) for Co gives .. .. L o

Keld

(K+r)e™® - (r-K)

Substituting (B31l) back into (B28) gives for Cy

ra
(r2-k2)eT® - (r-k)2 K |

Substituting the values for Cy and Cp; from equations (B31)
and (B32) into equation (B18) results in L

Q= K(K+r)el® K | rx | Ke¥& -rx
(r2-K2)ere - (r-K)2 r-X _ (Kir)e™@ - (r-K)

Equation (B33) can be simplified to

= K[e_r( _%)+ e” (x_%)] (B34)

ra ra

e? (K+r) - (r.—K)e?' =

ST DI | LAY,

NACA RM ES2A14
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which in turn becomes

G=£ cosﬁEﬁ(-%)] (335)

X sinh (%a-) + cosh -IZ‘E -

Now substituting equation (B18) into equation (B2L) to obtain =
gives

:c'zclerx + r20geTX = i—% c1e™ + Cge‘rx) (B386)
From equation (B36)

r = A@ | . (B37)

and equation (B35) becomes

(7)

. N o
Aa% sinh (A/—I;": %) + cosh (@ %)

where x =

BV R

Effect of Blade-Temperature Lag on Uncontrolled
Engine Operation

The proof of the statement on ratio of time constants follows
herein:

The relation between the engine speed and the turbine blade tempera-
ture is '

T _ 5Lt
N l+pr

(10)
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which is rewritten and p replaced by fé% - -
oLi - : : _
Ty _® + T =-Br-§§ + BN (B38)
dt . at
the left side is rewritten - S T .
-t/ ( /Ty ) _
. a. 3N
Tpe — \e ™,/ =Bt &
b dt b at + BN (B39)
Transposing and integrating yields
iy [ R
* Ty t /v
e’ P m, == e Pyat+ 2 e P yar
b Th
- (B40)
Vi f !
t t
1/77b Bt “1/°b Bt t/t at
© Tp(ta) - T(0) = 7= e N(ty;) - = N(0) + (L - 1) e I'b &
0
(B41)

NACA RM E52A14

If the engine were in steady state operation at the initial time t =0

~then '

Ty,(0) = BN(O) g

and the amount that blade tempersture is off the steady-suvate value for

any value of speed can be represented by X

Tp(t) = BN(t) - X(t)

(B42)

(B43)
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Substituting equations (B42) and (B43) in equation (B4l) gives

Yoy
_}ﬁ)__= EBN(tl) ) e-'b]_/':'b BN(O)] _j\ e‘b-tll""'b BN(t) S-_E
0 _

(-%)

The right-~hand side of équation (B44) can be shown to be positive at all
times under certain restrictions on transients.

(B4s)

t, fr K t-t.
- -t
1
BN(tl) -e. b BN(0) z— e l/:b BN(t) ’S'_t (B45)
0 b -
t1
t-t
Subtracting BN(t,) e 1/ g ' from both sides ylelds
o b
t1
=t > t-t4 /T
& t/"p an(jcl) - BN(O)] > o5t/ Ealv(t) - BN(tl)] %1;: (B48)
0

If the restriction that the speed at any time N(t) 1s always less than
the final speed N(t7), then the right side of equation (B46) is negative

and, for the same reason, the left slde is positive. Therefore, it hes
been proved that the right hand side of equation (B44) is positive, so
the left side of equation (B44) must alwaeys be positive under these
restrictions. If the left slde of equation (344) is positive, there
are two poseibilities:

(1) If T>7y, then X(%7)<0, which meens that Tyu(ty) will be
greater than the steady-state value of blade temperature at 1.

(2) If T>7, then X(+,)0, which means the T, (t;) is less than
the steady-state value of blade temperature at time ty.
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Midchord thermocouple

thermocouple

Figure 17. - Turbine-blade areas considered 1in analytical development
of turbine-blade time constants.
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